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NONLINEAR COMMUTATORS FOR THE 
FRACTIONAL p-LAPLACIAN AND APPLICATIONS 

ARMIN SCHIKORRA 


Abstract. We prove a nonlocal, nonlinear commutator estimate 
concerning the transfer of derivatives onto testfunctions. For the 
fractional p-Laplace operator it implies that solutions to certain de¬ 
generate nonlocal equations are higher differentiable. Also, weak 
fractional p-harmonic functions which a priori are less regular than 
variational solutions are in fact classical. As an application we 
show that sequences of uniformly bounded --harmonic maps con¬ 
verge strongly outside at most finitely many points. 


1. Introduction 


The fractional p-Laplacian of order s 6 (0,1) on a domain O C M", 
(—A )p >n u is a distribution given by 





u(y)\ p 2 {u{x) - u(y )) (p(x) - tp(y)) 
\x - y\ n+s P 


dx dy 


for p e Cc°(f2). It appears as the first variation of the IT s,p -Sobolev 
norm 


u 



n-Jn 


\u(x) — u(y) \ p 

\ X - y\ n + s P 


dx dy. 


Jw s ’P(n) •" 

In this sense it is related to the classical p-Laplacian 

A p u = div(| Vit| p_2 Vn) 

which appears as first variation of the lU 1 ’ p -Sobolev norm ||Vw|| 


p 

v 


If p = 2 the fractional p-Laplacian on M n becomes the usual fractional 
Laplace operator 

(-A ) s f = T-\c |£| 2 ^/), 
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where J- and T 1 denote the Fourier transform and its inverse, respec¬ 
tively. As a distribution 

(-Arm = [ (- a )-/¥>• 

Jr n 

For an overview on the fractional Laplacian and fractional Sobolev 
spaces we refer to, e.g., [Hi- 

Due to the degeneracy for p ^ 2, regularity theory for equations involv¬ 
ing the p-Laplacian is quite delicate, for example p- harmonic functions 
may not be C 2 . The fractional p-Laplacian has recently received quite 
some interest, for example we refer to [2j [9], [TOl [ZH HU HSJ [131 El [23] . 
Higher regularity is one interesting and very challenging question where 
only very partial results are known, e.g. in [2] they obtain for s ~ 1 
estimates in C 1,a . 

Our first result is a nonlinear commutator estimate for the fractional 
p-Laplacian. It measures how and at what price one can “transfer” 
derivatives to the testfunction. In the linear case p = 2 this is just 
integration by parts: Let c be the constant depending on s and e so 
that (—A) s+£ = c(—A) £ o (—A) s . Then for any testfunction p, 

(-A y + *u[p] = c(-A)-«[(-A)V] 

In the nonlinear case p ^ 2 (we shall restrict our attention for technical 
simplicity to p > 2) this is not true anymore. Instead we have 

Theorem 1.1. Let s e (0,1), p G [2, oo) and £ G [0,1 — s). Take B C 
M n a ball or all ofW 1 . Let u G W S,P (B) and p G C£°(B). For a certain 
constant c depending on s,e,p, denote the nonlinear commutator 

R(u,p) := (-A) s p -^u[p\ - c(-A) s p B u[(-A)^p\. 

Then we have the estimate 

\R(u,p)\ < C £ [ u ]w s + e ’P(B)['T l ]w 3 + e ’P{R rl )- 

The fact that the e appears in the estimate of R{u, <p) is the main point 
in Theorem 11.11 It relies on a logarithmic potential estimate: 


Lemma 1.2. Let for a, /3 G (0,n), 
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Let 7 G (0,1), (1, oo) and assume that s := 7 + fd — a G (0,1). We 

consider the following semi-norm expression for ip G 67?° (M n ) 


A(p) := 


p 


k(x,y,z ) (—A) 2 (p(z) dz 


dx dy 
x - y\ n+ ™ 


1 

P 


We have 


< C[ip\ W s, P (^uy 


The additional factor e in Theorem 11.11 facilitates estimates “close to 
the differential order s”. More precisely 


Theorem 1.3. Let sG (0,1), pG [2, 00 ), and a domain 12 C M n , and 
u g W S)P (VL) be a solution to (—A) s p fl u = f, i.e. 



|u(x) - u{y)\ p 2 {u(x) - u(y )) (<p(x) - <p(y)) 


n J q 


\x - y I 


n+sp 


dx dy = f[(p\ 


for all p> G Cc°(f2). Then there is an e 0 > 0 only depending on s, p, and 
12, so that for e G (0,e 0 ) the following holds: If f G (JT s_e ( p_1 ) ,p (12))* 
then u G Wf+ e ’ p (£l). 


More precisely, we have for any 12i <<= 12 a constant C = C(12i, 12, s,p) 
so that 


[u]w*+e>p(n 1) < C ||/|| (H/r e( P - i ),p (Q )) t + C[u]w“’P(a.)- 
Also, by Sobolev imbedding, the higher differentiability Wf+ e,p implies 

s,pH— 

higher integrability i.e. W loc 71 ep -estimates. 

In the regime p = 2, a higher differentiability result similar to Theo¬ 
rem [L3] was proven by Kuusi, Mingione, and Sire [18]. It seems also 
possible to extend their approach to the case p > 2. Their argument is 
based on a generalization of Gehring’s Lemma and it is also valid for 
nonlinear versions, see [16]. Our method is similarly robust. Indeed 
one can show 

Theorem 1.4. Let sG (0,1), p G [2, 00 ), and a domain 12 C M”. Let 
cj) : M —y M and K(x, y) be a measurable kernel so that for some C > 1, 

\<f>(t)\ < C\t\ p ~\ (f(t)t>\t\ p WgM, 

and 

C~ l \x - y\- n ~ sp < K(x,y) < C\x~y\- n ~ sp . 
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We consider for u G W s ' p {fX), the distribution C^k,q.{ u ) 

£<t,jc,a{u)[<p\ ■= K(x, y) <f>(u(x) - u(y )) (<p(x) - <p(y)) dx dy 
Jn Jn 

Then the conclusions of Theorem \1.3\ still hold if the fractional p- 
Laplace (—A)* jf2 is replaced with C^K,n- 

Since the arguments for Theorem 11.41 follow closely the proof of Theo¬ 
rem 11.31 we leave this as an exercise to the interested reader. 

There is also a reminiscent result to Theorem 11.31 the usual p-Laplace: 
A nonlinear potential estimate due to Iwaniec [14]. It implies that for 
u with supp u C Tl there are maps v, R, so that 

\Wu\ £ Wu = Vu + R , 

with llVtll^n ^ ||V«||JJf for all q and 

2 4|V«||J£ n . 

In this situation, the additional £ in the last estimate allows for esti¬ 
mates “close to the integrability order p” . Indeed 

l|Vu||j£, n = /'|V«r 2 V«Va+ f |V«r 2 Vt ,R, 

Jn Jn 

and thus, 

l|V«||j£ n ;S |A,«[„]| +£||Va||^ n ||V«||£, n . 

1 P+ e 

In particular, if e is small enough and A p u is in (M / 0 ’ 1+e (fl))*, then 

u e W^ p+e {Si). 

The commutator estimate in Theorem 11.11 also allows to estimate very 
weak solutions - i.e. solutions whose initial regularity assumptions are 
below the variationally natural regularity: 

In the local regime, the distributional p-Laplacian A P u[ip\ is well defined 
for p G Cf°(Q) whenever u G Wfff~ (fl). The variationally natural reg¬ 
ularity assumption is however W 1)P , since A p appears as first variation 
of HVullpQ. For the p-Laplacian, Iwaniec and Sbordone [153 showed 
that some weak p-harmonic functions are in fact classical variational 
solutions: 

Theorem 1.5 (Iwaniec-Sbordone). For any p G (l,oo), ^ C M n , there 
are exponents 1 < 74 < p < r 2 < oo so that every (weakly) p-harmonic 
map, 

A p u = 0, 
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satisfying u E W^ff 1 (12) indeed belongs to W^f 2 (12). 


Again, while the p-Laplace improves its solution’s integrability, the frac¬ 
tional p-Laplace improves its solution’s differentiability. The distribu¬ 
tional fractional p-Laplace (— A)p ift u[ip] is well defined for <p E Cf°(Q) 
whenever u E W q,p ~ 1 (Ll) for any q > 0 with q > We have 

Theorem 1.6. For any s E (0,1 ) p E (2,oo), 12 C there are 
exponents l<ri<p<r 2 <oo and t\ < s < t 2 so that every (weakly) 
s-p-harmonic map, 

(~^)p,n u = 0 ; 

satisfying u E W tl,ri ( 12) indeed belongs to Wlfff 2 (12). 


The arguments for Theorem 11.61 are quite similar to the ones in Theo¬ 
rem 11.31 and we shall skip them. 


Let us state an important application of Theorem 11.31 It is concerning 
degenerate fractional harmonic maps into spheres C In [2TJ 

we proved that for s E (0,1) critical points of the energy 


£ s (u) 



u(x) -u(y) |" 
\x — y \ n+s ? 


dx dy, 


u: 12 c IP ^ 


are Holder continuous. Indeed, together with Theorem 11.31 the esti¬ 
mates in [21] irnpAly a sharper result 


Theorem 1.7 (e-regularity for fractional harmonic maps). For any 
open set 12 C IP there is a S > 0 so that for any A > 0 there exists 
e > 0 and the following holds: Let u E IT s, t(12, S^) with 


( 1 . 1 ) 

be a critical point of£ s (u), i.e 


. u W-?(n) ^ A 


( 1 . 2 ) 


d_ 

dt 


£, 


t =0 


u + t(p 


= 0 V<peC' c °°( n,R N ). 


I U + tip \_ 

If on a ball 2 B C 12 we have 

(1-3) [ M W s ’?(2B) — 

then on the ball B (the ball concentric to 2 B with half the radius), 


M w 3+5,i 5 (B) — ^a,r- 
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This kind of e-regularity estimate is crucial for compactness and bubble 
analysis for fractional harmonic maps. Da Lio obtained quantization 
results [6] for n — 1 and s = With the help of Theorem 11.71 one 
can extend her compactness estimates to all s 6 (0,1), n e N. More 
precisely, we have the following result extending the first part of |6| 
Theorem 1.1], 

Theorem 1.8. Let Uk £ W' s ’”(]R ri , x ) be a sequence of (s, ^)- 
harmonic maps in the sense of m such that 

Then there is Uoo G S^ -1 ) and a possibly empty set 

{aq,..., ai} such that up to a subsequence we have strong convergence 
away from {on,..., cq}, that is 

u k Woo in Wiff (M n \{ai,..., cq}). 

A more precise analysis of compactness and the formation of bubbles 
will be part of a future work. 


2. Outline and Notation 

In Section [3] we will prove the commutator estimate, Theorem 11.11 
Roughly speaking, we compute the kernel K £ (x,y,z) of the commuta¬ 
tor and show that its derivative in e (which gives a logarithmic poten¬ 
tial) induces a bounded operator. The latter estimate is contained in 
Lemma Ol which we shall prove via Littlewood-Paley theory in Sec¬ 
tion si 

Based on Theorem 1 1.1 1 we will then proceed in Section 0 with the proof 
of Theorem 11.31 Finally, the consequences of this analysis, i.e. higher 
differentiability result for p-fractional harmonic maps is sketched in 
Section [HI and the proof of Theorem 11.81 in Session [7| In the appendix 
we record a few necessary tools used throughout the proofs. 

We try to keep the notation as simple as possible. For a ball £>, A B 
denotes the concentric ball with A-times the radius. With 

{u) B ■= |5| -1 [ u 

J B 


we denote the mean value. 
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The dual norm of the p-Laplacian is denoted as 

IK- a )p,o«II(vf 0 ^(Q))* = SU P \{- A Y P ,n u M 

where the supremum is taken over ip G Cf°(Q) with < 1- 

We already defined the fractional Laplacian (—A) i. Its inverse I s is 
the Riesz potential, which for some constant cGl can be written as 

(2.1) I a g(x) — c [ \x — z\ s ~ n g(z ) dz. 

Jr n 


In the estimates, the constants can change from line to line. Whenever 
we deem the constant unimportant to the argument, we will drop it, 
writing A ^ B if A < C ■ B for some constant C > 0. Similarly we will 
use /I ~ B whenever A and B are comparable. 

3. The commutator estimate: Proof of Theorem 11.11 


Proof. Recall that for t G (0,n) there is a constant cGlso that for 
any p G C'“(M n ), 

(3.1) cf \x — z| t-n (— A)^ip(z) dz — / 4 (— A)%(p(x) = <p(x). 

J K" 

We write 

r r I u(x) — u(y)\ p ~ 2 (u(x) — 

(-a»m = [ [ * % 


ED 



I \x-y\ 

B B 

|w(x) - u(y)\ p ~ 2 {u(x ) - u(y))( 


\ x - z \t+ep-n_\ y _ z \t+ep- 

\x-y\ £ P 


B B 


\x - y | 


n-\-sp 


dx dy (—A) + 2 P ip(z)dz 



\u(x) - u(v)r\u(x) - u(v)) (\x - s|‘- - |s- y|‘-)) dxdy { _ A) ‘^ v(z)dz 


R n B B 

+ 

R n B B 

with 


\x - y I 


n+sp 



\u(x) - u(v)\>~\u(x) - .(,)Ww) dx dy (_ A) ^ v(z)dz 


\x - y| n + s P 


I rf. _ v \t+ep-n _ |. _ _| t+ep- 

K e (x,y,z) := ( I- 1 - )-(\ X -z\ t - n -\x-y\ t ~ n ). 


\x — y\ £p 
Using again (13.ip this reads as 

R(u,<p) := {-A) 8 +£u[<p] - c(-A) s pB u[(-A)^(p} 
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M*) - u(v)r\u(x) - u(,,))*,(*, y,z) dx iy ( _ A) !^ w<fc 


\x - y | 


n-\-sp 


R n B B 

Since bq(x, y,z) — 0 for almost all x,i/,z6 

^ d 


K £ (x,y,z)= I —Ks(x, y, z) d5. 


'0 


We thus set 


d 


h(x, y, z) := \x - y\ p —k s (x, y, z) 


= \ \x — z 


5p 

i+Sp-n 1()g 


X — Z 


\x - y I 

and arrive at R(u, <p) being equal to 


- 1 y-z 


t-\-5p—n 


log 


\y-z\ 

\x - y | 


j f f\u(x)-u(y) \ p 2 (u(x) - u(y)) | 

' f K S (x,y,z) (~A) t+ 2 P ip(z)dz) 

I 

J J J \ X - y\(s+e)( P -l) 

0 B B 

J x - y \s+e-(e-S)p , 

Vr 11 / 

1 j 


x - y\ 7 


With Holder inequality we get the upper bound for \R(u, p)\ 


u ]w s + e ’P(B) SU P 
<5e(0,e) 



Ks(x,y,z) (—A) + 2 ep <p(z)dz \ dx dy 


\B B 


|.£ _ y |s+£-(e-<5)p 


\x - y | 7 


This falls into the realm of Lemma 11.21 for 

a:=t + 5p, (3 \= t + ep , 7 := s + e — (e — S)p, 7 + /? — a = s + e. 

This concludes the proof. □ 


4. Logarithmic potential estimate: Proof of Lemma 11.21 

For the proof of Lemma 11.21 we will use the Littlewood-Paley decom¬ 
position: We refer to the Triebel monographs, e.g. |22] and [T2] for a 
complete picture of this tool. We will only need few properties: 

For a tempered distribution / we define f) to be the Littlewood-Paley 
projections fj := Pjf , where 

Pjfix) := f 2 *p{V(x-z))f{z) dz. 

Here, p is a Schwartz function, and it can be chosen in a way such that 

(4.1) = I for all/£ 5'. 

jez 
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For any j G Z we have the estimate for Riesz potentials and derivatives 
(cf. (ED) 


H 1 


(4.2) 


|r|(-A)i/,||| p ^ V 2 »->|(/ i | 


*=J —1 


The homogeneous semi-norm for the Triebel space F£ = Bf, is 

(«) v\h/-= 

\jez / 

Crucially to us, the Triebel spaces are equivalent to Sobolev spaces: 
For s G (0,1) we have the identification 

(4-4) I|/|If® p ~ lf]\Y s ’P(M. n )- 

Proof of Lemma li.M For k G Z, we use the annular cutoff function 
X\y\tt2~ k ■— XB 2 _ fc (0) \B 2 —fc-l (0) (U)- 
With this and (14. lft . setting 

Ttp(x,y) := / k(x,y,z) (-A )?<p(z) dz, 


we decompose 


where 


AWYi V 

feeZjez 



: = / / X|*-y|«2-*|^(®,S/)| 1 ’ 1 1^0,2/)! u _ , n+7p - 


dx dy 


\x -2/| ? 


Set 


a k : — 





p dx dy 


\x - y | 


n+7p 


and 


bj := 2 j ^ +0 ~ a) ||^ 


Note that with (j4.3[) and 


(«) £' 


J IIP' 




and ( ] ~ IMIf£ p ~ L<^Jw.p(R")- 

o'ez 
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Then with Holder inequality, 

~X.\x—y\~2- k \T<Pj(x, y)\ 

__p-1 T 

— ■ a k 

Now we have to possibilities of estimating Ijy. 

Firstly, for any small o G (0, a) we can employ the estimate 
log jf5jj | S ||5fp + i and have an estimate with Riesz poten¬ 
tials (12. R 


dx dy 


|x - y\ n +"/P 



j \x-z\ a -log _ J |(—A) 2 dz 

K n 

31* - y| _tT / a+c, |(—A)p,|(x) + \x~ y\°I‘"’\(-&)i n \(x). 

Having in mind (14. 2 p we obtain the estimate 

4* ^2 fc ^ 2^2- fe F||/^|(-A)§^||| p + 2 fe( ^ ) 2-*-2- fc f||7“— |(-A) 

^ 2 ( fc - d (^)( 6 J _ 1 + 6 , + b j+1 ) + 2 ( fc - i )( 7-«^)( 6i _ 1 + bj + 6 j+1 ). 

This is our first estimate: 

(4.6) 4 fc ^ (2 2CT ( fc_ -?) + i) (&■_, + bj + 6,+i). 

Secondly , by a substitution we can write 

T( Pj(x,y)= [ M Q_re log-Ji .■ ((-A^^z + x) - (-A)£pj(z + j/)) dz. 
J R" F — y\ v 7 

We use now | f(x) — f(y) \ ^ \x — y\(M.\V f\(x) + A4|V/|(y)), where A4 
is the Hardy-Littlewood maximal function. Then, again for any a > 0. 


\ T( Pj(x,y)\ 


-< 


\x-y\ / 

Jr 

+ \x-y | 


log 


x-y | 

log 


-< 

r\j 


x-y | 

x - |(-A)2 V^-I(x) 

+ |x-y| 1 - CT / a+CT A4|(-A)^V^|( ?/ ) 


A4|(—A) 2 V<£j|(z + x) dz 


|A4(—A) 2 V<^j|(z + x) dz 


+ |x- ? /| 1+fT r- ,T Af|(-A)2V(p j |(x) 

+ |x - y| 1+<T / Q - CT A4|(-A)^V^|(?/) 


to|'tb 
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Consequently, our second estimate is 

4fc ^2 k ^~ 1+ ^\\I a+a M\(-A) 2 V^-llp + 2 k ^- 1 -^\\I a ~ (7 M\(-A)i VifiX 

^ 2 fc(7-i+«T) 2J'(-“-o-+^+ 1 )||^.|| p + 2 fc C- 1 - ff ) 2 i( ““ +<T+/3+1) ||^ i || p . 

Together with (|4.6[) we thus have 

I kJ £ min{ 2 (fc - j)(7 - ff) ( 2 M*-j) + 1 ) ) 2 (j-*)(i-7-*) (i + 2 (j-*)( 2 *))} (f, J _ 1 + 6 j + 6 J+1 ). 

In particular, since 7 E (0,1) pick any 0 < a < min{ 7 ,1 — 7 } - which, 
as we shall see in a moment, makes the following sums convergent: 

OO 

MfY E (6,_! + 6, + 6 J+1 ) af 1 

jeZ k=j+ 1 

+ E E fe-i+<>i+Mi) 7" 1 

j(EZ k=—oo 

+ + bj + bj + 1 ) a^ 1 

jez 

=:/ + // + ///. 

With Holder inequality and (j4.5jl . 

111 ~ E 6 *)* EXE = b]^(«“)' 

jez jez 


As for /, for any e > 0, 


/ = J2 Y1 2 °- fc)(1 - 7 - ff) bj a?- 1 

j£ Z k=j 
oo 

~EE 20 "' i)|1 " 7_ ‘' ) + £ "' , '“i) 

jez fc=j 




-fc)(l-7-CT) a P 


jGZ 


jez fc=i 
k 


=C,_ 7 _„ £ -£ 6 J +e-"X V 2 


(j-fe)(l-7-o-) a P 


k £Z j=—o o 


^C^^E^ + e^E-E 

jez fee 

]w s .P(K n ) A ^ C i_ 7 _ cr A((^) ?: 


rPLoF 
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The same works for II: 

II = 2 (fc_j)(7_cr) bj a p ~ L 

k=—oo 

+ ^'c 1 _ 7 _ CT A(^)^ 

Together, 

/ + // ^ eP [^]r,p(i») + £ p C'i_ 7 _ 0 -A((/;) p , 
which holds for any e > 0. Pick 

-4 i 

£ := b]nft,p(i«) a { i p) p ■ 

Then 

A(ip) p < I+ 11 +III A A^y~ l [yV* ( R")- 
We conclude dividing both sides by A((p) p ~ l . □ 


5. Higher Differentiability: Proof of Theorem 11.31 


In view of Lemma IA.1I we can assume w.l.o.g. that fl is a bounded 
open set, and that the support of u is strictly contained in some open 
set Hx d fi. Then Theorem 11.31 follows from 


Lemma 5.1. LetQi d fl two open, bounded sets, s e (0,1), p e [2, oo). 
Then there exists an £ o > 0 so that for any £ € (0, £q), 


u 


ip-i 

\w a + e ’-P(p.) 


A y ?.! 1 


IT s .P(f2) 


+ IK-A); 


P+ U tt(W° 


s-e(p-l),p 


m* 


Proof. We can find finitely many balls C =1 cOso that UfcLi -Sfc D 
Hi. We denote with 1014,. the concentric balls with ten times the radius, 
and may assume [J^ 10 Bk C Q. 


Denote 
We then have 

K 


[ u ]w s ’P(fi)i 


r s+£ := w p 


V 


s+e 


A 


El 

k =1 


U 


w s + e ’P(n)- 
u{x) — u(y) \ p 

WS+ ^B k ) T \ x _ y \nHs+e)p 


K 

E 


dx dy. 


As for the second term, because of the disjoint support of the integrals 
we find 

f f \ u i x ) — u {y)\ p 


ln\2B k J Bk \x - y\ n As+e)r 


dx dy A (diam B k ) £p T s . 
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That is 

K 

r s + £ ^ u }w a + e ’P(2B k ) + r, 

k =1 

With Lemma IA.2I and Poincare inequality, Proposition IA.31 for any 
5 > 0, 

K p 

r, +e 2 ,5>T s+e + C S T. + V S-o' ( sup(-A)J« ) "" 

k=l V ^ / 

where the supremum is over all ip G C^°(ABk) and [y 9 ]jys+e, P( - K n) < 1 . 

Here we also used that |j [ v =1 8 -^fc covers no more than Q. Choosing 5 
sufficiently small, we can estimate r s+£ by 

K 

+ ( sup {K _A )Sk M MI : ^ G c ?( AB k), Mw+«j>(R") < i})^ • 

fc=i 

With Theorem 11.11 this can be estimated by 

r s + £p ~ 1 r s _)_ £ 

K p 

+ Y1 ( su p{l( -A )p,8B fc «[(- A )^^]| : V e CT(45 fc ), Mw.+«,p(r») < i})^ 1 • 

fe=i 

If e G [0,e o ) f° r £ o small enough, we can again absorb r s+£ . The 
estimate for T s+£ becomes 

K p 

P S + 5^ ( SU P |l( — ■ ^)p,8B k u [(~ A) 2 <d]l : V 3 e C^°(AB k ), [(/?]w s + e .P(R' 1 ) < 1 j) 

k =1 

Next, we need to transform (—A )^ ip into a feasible testfunction, and 
denoting the usual cutoff function with r] 6 B k € C%°(6Bk), r] 6 B k = 1 in 
5 B k 

(-A )%<p =:i/j+{ 1 - ?7 6 bJ(-A)^v5 
Then ^ G C™(6B k ) 

[V , ]w s - e (p- 1 )'P(f2) C , fc[(/?]iys+e.p(Rn) < Cfc. 

Moreover, the disjoint support of (1 — r? 6 _B fe ) and ip implies (see, e.g., [3 
Lemma A. 1 ]) 

[(1 — VGB^i — A)“(/?] L ip < Cfc [<p]w«+=.p(R"). 

Consequently, 


\{- A )p,8BA(-&) e Z(p- ^]\ ^ [u] P w l P{n) . 
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Hence, our estimate for r s+e now looks like 

K 

(sup {|(-A)£ i 8 Bfc uty>]| : ^ e C™(6B k ), [VV—t P -i), P(Rn) < l}) 


P 

P~ 


k =1 


Finally, we need to transform the support of (— A)p from 8 to 12. 
Since supp if C 6 B k , the disjoint support of the integrals gives 

\(- A Yp,8B k uW’] ~ (~ A )p,WV’]l 

f \u{x) - u{y )\ p ~ 1 \if{x) - if(y)\ 


-k 


'n\8B k J7B k 


dx dy 


\ X - y\ n + s P 

<Ck W’] • 

This implies the final estimate of r<, +£ by 
r s + (sup {|(-A)* n n[^]| : if e C“(n), [i/)] W ss<p- i),p (K n) < 1})^ • 


□ 


6. Differentiability of p-harmonic maps: Proof of 

Theorem 11.71 


For B C M n , t G (0,1), we set 

f [ \u(x)-u(y)fi- 2 (u(x)-u(y)) (\x - z]*- 71 - \y - zl*-' 1 ) 

J-t,BU{Z) — 



B J B 


\x — y\ n+s s 

T tjB u was introduced in [ 2 T] because of the following relation 

( 6 . 1 ) 

c / T tiB u(z) ip(z) dz 

J M n 

I u(x) - u(y)\^~ 2 (u(x) - u(y)) (Ptp(x) - F<p{y)) 



B J B 


\x - y | 




dx dy. 


From PH in particular (3.1), Lemma 3.3, 3.4, 3.5] we have the following 

Theorem 6.1. Let u satisfy (II.lj) and (11,2ft in an open set LI. Assume 
that on the Ball 2 B for a small enough e > 0 (depending on A) (II.3p 
holds. Then there is t 0 < s, a > 0, so that for some 72 > 7 i 1 for 
any ball B 12P C B 


dx 
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Estimate (J6-3P looks almost as if T t 0 ,B 11P belongs locally to a Morrey 
space. But the domain dependence on B lip bars us from exploiting 
this. The following proposition removes the domain dependence. 

Proposition 6.2. Under the assumptions of Theorem 16'. 1\ there exists 
7 > 1 , er > 0 so that 

\\T t0tB u\\_z_ tBp < C B ,Ap a 

for any ball so that B 1P C B. 


Proof. Set > K 2 > K 3 > 1 to be chosen later. Take 7 := 271 with 71 
from 


We will always assume p < 1. 

For some <p G Cf°(B p ^), ||<p||_n < 1 we have 

£ 0 

\\Tt 0 ,Bu\\^- tBpKl 
3 [ T t0 , BU (p 


ED 



\u(x) - u(y)\ n s 1 2 (u(x) - u(y)) ( P°<p(x ) - I to p{y)) 

!**+»? 


dx dy. 


ibjb | x — y\* 

We will now use several cutoffs to slice ip into the right form. This 
kind of arguments and the consequent (tedious) estimates have been 
used several times in work related to fractional harmonic maps, cf. e.g. 
mmmm 2H EE 203 , and we will not repeat them in detail. We will 
also assume that K\ > k 2 > 73 . If they are equal, to keep the “disjoint 
support estimates” working one needs to use cutoff functions on twice, 
four times etc. of the Balls. 

For a cutoff function r] B K2 G C™(B 2 p K 2 ), Pb ^ = 1 on B pK2 , we have 
I t0( P ■= V> + (1 -VB p . 2 )I to T- 
Note that G Cf°(B 2pK2 ) ancfl 


(6.4) 


£ 0 


-A) 2 ^|| « + [ff } wt0 ,£ 




The disjoint support of (1 — 7 ) and ip ensures (see [3] Lemma A. 1]) 


(6.5) [I to ip - ip] W s P 

We furthermore decompose 


d 


-< JKi-K 2 )(n-t 0 ) 

1 


IMIfc- 


(-A)^=: f + (l- VBp ^){-A)^^. 


1 This is true if ^ > 2, since then [/] t0 ,^ < ||(—A) 2 ° /||jl. If ^ < 2 one has 

to adapt the estimate, but the results remains true. 
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Then 0 <G C^°(B 2 p ^ 3 ) and 


( 6 . 6 ) 

(6.7) 


11 ^ 11 $ 3 IMI§> 

Wv^-i^WooZp-^-^" MU. 


Again with (16.1)1 . we then have 


\ T ^ bU \\^t 0 ,b p 3 


where 

II : = 

III := 
and 

IV := 


I\ + \II\ + \III\ + \IV\ 

1 ■= I T t 0 .B lp U 0 
I u{x) - u(y)\^~ 2 {u{x) - u(y)) ((0 - I to 4>){x) - (0 - I to (j))(y )) 


\x — y\ n+s " 

\u(x) - u(y)\^- 2 (u(x) - u(y )) ( 0 (x) - 0 ( 0 )) 


dx dy 


\x - y | 


n+s- 


dx dy 


B\B 1P J B 2p K 2 

u(x) - u(y)\^- 2 (u(x) - u(y)) (( I to <p - 0)(x) - (I to ip - 0)(y)) 



B J B 


\x - J/| 


n+s- 


dx dy 


With (16.6p . supp 0 C B 2p ^ 3 C i? 2 p, and (I6.3|l . 

|/|^P CT - 

With (16.21) . (16.71) (for p small enough), 

Rl 3 M (pWA - ^] w „ t(Byp) l —.)». 

With the disjoint support of the integrals, Holder inequality > 7 ), 
and (16.41) . 


IJ/JMUF - 1 p t 0 S K2{s-t 0 ) 


1 F 0 K 2 -l)(s-io) 

-V °’ i 0 (B) ~ ^ 


Lastly, with ()SI 


t-i 


|w| 2 MT,» (b 0V - W>» w 

If we choose aci = k 2 — K 3 — 1, we obtain 


whenever 5 27P C B, In particular 

( 6 . 8 ) 

On the other hand, we may take 

ACi > k 2 > k 3 = 1. 


||T to> BW||_i_ 1 b ~ 1- 

n —cq 7 27 
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Then we have shown that 

W T to,Bu\\-^-, BpK1 3 P" , 

which holds whenever B lp C B. Equivalently, for an even smaller a, 

\\T to> BU\\ " tBp ^ P a , 


which holds whenever B j_ C B. With 


this estimate also holds 


ip 


whenever L? 2 7 p C B, with a constant depending on the radius of B. □ 


In [21!] it is shown that for ti > t 0 , T tl ,BU = P 1 to T toB u. Since accord¬ 
ing to Proposition 16.21 P 0 nu belongs to a Morrey space, we can apply 
Adams estimates on Riesz potential acting on Morrey spaces pQ The¬ 
orem 3.1 and Corollary after Proposition 3.4] and obtain an increased 
integrability estimate for T tl B u. 

Proposition 6.3. Under the assumptions of Theorem Id.II there are 
7 > 1, t 0 < h < s, and p\ > so that 

\\T tl> Bu\\ Vl , Bp < Cap' 7 
for any ball so that B 1P C B. 

Now we exploit (16.11) : For any <p G C'^°(M ri ) 

(-A)n B u[ip] = I T tl B u (~A)^tp. 

s ’ J R™ 

Let (p G Cf°(B i ) for B lp C B. With the usual cutoff-function rj G 
C™( B p), V = 1 on Bi p 

|(—A)| jB tt[<p]| A \\T tl! Bu\\ PuBp \\{-A)2ip\\ p ^ Bp +\\T tuB u\\_!j_ t B p \\(-A)^(p\\ii ; 

By the Sobolev inequality for Gagliardo-Norms j2TJ Theorem 1.6], and 
the disjoint support [3, Lemma A.l], this implies 

|(-A)n B u[tp]\ ■< C A [ip\ s+ti-3-, § 

s W p 1 (R™) 

Since p\ > we have s + 1\ — y- < s, and the claim of Theorem 11.71 
follows from Theorem 11.31 by a covering argument. □ 
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7. Compactness for --harmonic maps: Proof of 

s 

Theorem 11.81 

From the arguments in [6, Proof of Lemma 2.3.] one has the following: 

Proposition 7.1. For s G (0,1), p G (l,oo) let (u k )^ =1 G 
W’ s,p (M n , S^ -1 ), A := sup feeN [ufc]vr s >p(]R") < oo and e 0 > 0 given. Then 
up to a subsequence there is Uqo G 1T S ’ P (M TI , S^ -1 ) and a finite set of 
points J = {ai,..., ai} such that 

Uk —- Uoo in lF s,p (M n , S^ 1 ) as k —>■ oo, 

and for all x ^ J there is r = r x > 0 so that 

hmsup[n fc ]vi/ s ,p( Sr ( 3 .)) < e Q . 

fc—> oo 


This, Theorem o and the compactness of the embedding 
W s+5 ^(B r (x)) W s ’^(B r (x)) immediately implies that 

u k ^fiu oo mW^{R n \J). 

□ . 


Appendix A. Useful Tools 

The following Lemma is used to restrict the fractional p-Laplacian to 
smaller sets. 

Lemma A.l (Localization Lemma). Let Oi d O 2 i ^3 G O C M n 
be open sets so that dist (fli, f^), dist (U 2 , U 3 ), dist (U 3 , 12 c ) > 0. Let 
s G (0,1), p G [2, 00 ). 

For any u G fT s,p (12) there exists u G VT s,p (R n ) so that 

(1) u — u = const in Qi 

(2) supp u C U 2 

(3) ^ [u]w“’P(n) 

(4) For any t G (2s — 1, s), 

IK- A W“IW p (fL))* ~ IK -A )p,n' u ll(w 0 t ’ p (O))* + 

The constants are uniform in u and depend only on s,t,p and the sets 
Ui, 112) U 3 , and 12 . 
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Proof. Let Qi d Q, let rj = t]q 1 G = 1 011 ^1 • We set 

u \= r] Ul (u - (tt) n 1). 

Clearly u satisfies property (1) and (2). We have property (3), too: 

[w]w s -p(R n ) ^ l u \w a ’P(fl)- 

We write 

u(x) - u(y ) = r](x)(u(x) - u(y )) + (y(x) - y(y))(u(y) - (u ) n J . 


a{x,y) 


b(x,y) 


Setting 
observe that 


T{a ) := \a\ p 2 a, 

|r(a+6)-r(o)|^|6|(|or 2 + |6r 2 ). 


Also note that 

T(a(x, y)) = rf _1 (x) \u(x) - u(y) \ p ~ 2 (u{x) - u(y)) 
We thus have for any tp G C^°(Q 3 ), 

(- a )p,qwM 

= [ f l^( g ) ~u(y)\ P ~ 2 (u(%) ~ u(y)) (p{x) - tp(y)) 

jo Ju 


dx dy 


\x - y\ n+s P 

u(x) - u(y)\ p ~ 2 (u{x) - u(y)) Tjj p ~ 1 (x) (<p(x) - <p(y)) 
'nJn \x~y | n+sp 

(' T (a + b)-T(a )) ((p(x) - <p(y)) ^ ^ 




dx dy 


ojo \x-y\ n +°P 

u{x) - u(y)\ p ~ 2 (u{x) - u(y)) (rf-^x^x) - y p ~ l {y)w{y)) 



nJn \x-y\ n + s P 

u(x) - u(y)\ p ~ 2 (u(x ) - u(y)) (y p ~ x (x ) - y p ~ 1 (y))(p(y ) 


dx dy 



'nJn \x-y\ n +°P 

C T ( a + b)~ T(a )) (<p(x) - <p(y)) 


dx dy 



dx dy 

>nJn \x-y\ n+sp 

- A )p,o % P_1 P\ 

I u{x) - u(y)\ p ~ 2 {u(x ) - u(y)) - y p - l (y))y{y) 



n jo 



o JO 


\x - y\ n+s P 

(T(a + b) - T(a)) (<p(x) - <p(y)) 
\x - y| n+sp 


dx dy 


dx dy. 
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So we have that 

l(- A )p,n“MI 

~IK _A )p,o M ll(w 0 t ’ p (Q))* [ r f~ 1 ( P]w t >p(n) 

l^( x ) ~ M (2/)l p ~ 1 df^O) - v p -\y)\ j (M\ 

JnJn \x-y\ n + s P 

\rj(x) ~ v(y )I K?/) - ( M )nJ r/(x) p " 2 |u(» - n( 2 /)| p_2 |<p(a;) - </?(?/) | 


dx dy. 



>nJn \x-y\ n +°P 

f \v(x) - y{y )\ p - 1 | u(y) - (VlnJ ^ 1 \<p{x) - p(y)\ 
JnJn \x-y\ n + s P 

That is for any t < s 

|(-A); >n t« 

~ll( —A )p,o' u ll(Wo ,p (0))* Vf 'Aw t ’P{ci) 

|?7 p_1 (x) -77 p_1 (r/)| p \p{y)\ p 



+ Nw s -p( 0 ) 

+ [ u ]w s ’P(Cl) 

+ blr^si) 


'O JO 

ip—2 


dx dy J 



\x - y\ n+s P 

\v(x) -v{y) \ p \ u (y ) - («)nj p 


dx dy 



njn 2 \ x - y\n+(2s-t)p 

\v(x) - v(y) \ p I u(y) - (u) Ql I P ^ ^ \ V 
n.o 2 * V 


Since y is bounded and Lipschitz, supp y C and p E C£°(fi 3 ) we 
have that 

[ r ? P_ V]w t ’P(f2) ^ Mw*’P(R™)- 

Also, choosing some bounded fi 4 d f2 so that d n 4 , 

\yV~ 1 (x)-yP-\y)\P \p(y)\P 



fi Jfi 


-< 



\ X - y\ n+s P 
\x — y\ {1 ~ s )p~ n dx \p(y)\ p dy 


dx dy 


j n 4 



r^j 


\x-y\ n sp dx \p{y)\ p dy 

n 3 Jr™\q 4 

\Mp 3 R")‘ 


dx dy 
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Finally, using Lipschitz continuity of rj and that 2s — 1 < t < s 

f f \v(x) ~y(y) \ p | u{y) - (M)nJ p 

JJn 2 


|-£ _ y\n+(2s—t)p 


dx dy 


3 / I u (y) ~ 0)oil P / \x-y\ n+{t+1 2s)p dx dy 
J SI 3 J Q 2 

1 


| u(y)-(u) ai \ p 7 | 

m\n 3 y| 


— u(z) \ p dy dz 
u(y)-u(z) \ p j 


71+Sp 


dx dy 



' ^2 


|x - 2 /| 


n+sp 


dx dy dz 


Note that for x, z £ Q 2 and y G we have that |x — 2/1 ~ \y ~~ z \i and 
since 1 + ^3 are bounded we then have 

[ f \v{x) -y{y)\ p I u{y) - +++ 

Jn Jq 2 


| x _ y\n+(2s—t)p 

Thus we have shown that for any ip G C+(f^), 

l(- A )++MI 3 (iK-^nwIlfw^mH* + Mi -1 


dx dy ^ [rt]w s .p(n) 


<,n u \\(Wg ,p (n))* L' u J‘w s ’P(n)j 
Since moreover, supp'd C , for any p G C7+ (f2 3 ), 

l(- A )+i 3 '%]| ~ l(- A )p,o«b]l + Mrysi) Mw*.p(k»), 
we get the claim. □ 

The next Lemma estimates the VF s,p -norm in terms of the fractional 
p-Laplacian. 

Lemma A.2. Let B C M n be a ball and 4 B the concentric ball with 
four times the radius. Then for any 5 > 0, [u] p ws , p ^ can be estimated 
by 

b p [y] p W s, P{ 4B) 


c 

+ ^7 (sup 


|u(x) - u(y)\ p 2 +(x) - u(y)) +(x) - tp(y)) 


p J iB J4B 


\x - y | n + s P 
+ -^7 diarri (B)~ sp j \u(x) — (u)b\ p dx 


dx dy 


4 B 


where the supremum is over all p G Cf°(2B) and < 1. 
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Proof. Let r] E Cf°(2B), rj = 1 in B be the usual cutoff function in 25. 

if(x) := rj(x)(u(x) — (u)b), and ip(x) := r/ 2 (x)(u(x ) — ( u)b )• 
Then, 

(A.l) + [v 9 ] ^ MvU s 'P( 2 R)- 


We have 





4 B 4B 


I u(x) - u(y)\ p 2 QQ) - QQ) Qp) - i/>(y )) 
\x - y\ n+s P 


dx dy 


Now we observe 

OP) - ip{y)) 2 =00) - 00)00) ~ MO)OP) - (u) B ) 
+ OOOO) - 00) («P) - u (y )) 

+ OP) - 00)00) - MO)- 


That is, 


with 


/ := 



ZI + U + HI, 

\u(x) - u(y)\”-'\u(x) - u(y))(y>(x) - ip(y)) 


4B 4B 


\ X - y | n + s P 


dx dy , 


// := 



OP)-MOI p 2 OP)-MOI OP)-^0)1 


4B 4 B 


III := 



4 B 4B 


\ X - y\ n + s P 

00 ) - MOI^IMO - MO I 

|x - y\ n+s P 


pp) — (u)b\ dx dy, 


p )|dx dy. 


with mi. 


I < [u\w‘,p(4B) SUp 

\tp]w s ,P(«n-)<l 



4 B 4 B 


00) - MOI p 2 PP) - MO) 00) - 00) 

\x - y| n+sp 


As for II, 

^OI|Vr/|| c 



00) - MO \ p J PP) - -00)1 00) - 0)0 

\x - y\ n + s P~ l 


dx dy. 


dx dy. 


4 B 4 B 
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For any £2 > 0 so that £2 = 1 — s, we have with Holder’s inequality 
I u(x) - u(y)\ p ^ 2 \ip(x) - 4>(y)\ \u(x) - (u)b 


n ^l|Vi)|| t 



4 B 4 B 


3 diam (B) 1 [u] p w l v{AB) [$\w*{ab) 


12; _ ^|n+s(p-2)+s-i 2 



4-B 4B 


I u(x) - (m)b| p 
\x — 


dx dy 


dx dy 


Since £ 2 > 0, 

I u{x) - ( u) B \ p 



\x - y I 


n—t2P 


dx dy Y (diam £>)* 2P / |n(x) — (u)s| p dx 


4B 4B 

So using again (1A. 1 [) . we arrive at 


4B 


II £ diam (B) s [u] p W8 , p{AB) [ / \u(x) - (u) B \ p dx 

IB 

III can be estimated the same way as //, and we have the following 
estimate for [u\ws, P ( B ) 

r 1 f f K^) - u(y)\ p ~ 2 (u(x) - u(y)) (<p(x) - ^(y)) 

luJw.,p (4B ) SUp J J - 1 ^ _ y \ n +sp - dX ^ 

4 B 4 B 


+ l u }w^p( 4 B) diam ( B ) S I / \u(x) - (u) B \ p dx 


4 B 


We conclude with Young’s inequality. 


□ 


The next Proposition follows immediately from Jensen’s inequality and 
the definition of [vtfwt, P (x B y 

Proposition A.3 (A Poincare type inequality). Let B be a ball and 
for X > 1 let XB be the concentric ball with X times the radius. Then 
for any t <E (0,1), p e (1, 00 ), 

j \u(x) - (' u) B \ p dx ■< A n+tp diam {B) tp [u] p wt , P{XB) . 
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